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Abstract 

£C) ' We propose a modification of the AKNS hierarchy that includes the "modified" Pohlmeyer- 

Lund-Regge (mPLR) equation. Similarity reductions of this hierarchy give the second, third, 
and fourth Painleve equations. Especially, we present a new Lax representation and a complete 
X^/y ' description of the symmetry of the third Painleve equation through the similarity reduction. 

We also show the relation between the tau-function of the mPLR hierarchy and Painleve 
equations. 
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1 Introduction 



Painleve equations and their higher order analogues are obtained by certain reductions of infinite- 
dimensional integrable systems. This clarifies the origin of various aspects of Painleve equations, 
such as the affine Weyl group symmetry, bilinear relations for r- functions, Lax formalism, the 
\q | solutions described by special polynomials. 

In [15] Noumi and Yamada proposed a systematic description of nonlinear differential equations 

O comprising the second, fourth and fifth Painleve equations which possess A n X ^ affine Weyl group 
(l) 

symmetry These systems are obtained by similarity reductions from the A n Drinfcld-Sokolov 
hierarchy which is an infinite-dimensional integrable system characterized by affine Lie algebras and 
their Hcisenberg subalgebras [2J, [5]. Also, Fuji and Suzuki derived dynamical systems, including 



the sixth Painleve equation, by similarity reductions from the D^, 2 Drinfeld-Sokolov hierarchy 



[3]. Therefore, the affine Weyl group symmetries in the Painleve II, IV, V, VI equations can all be 
d i derived from integrable systems associated with affine Lie algebra. 

In this paper we provide a natural and intrinsic description of the symmetry of the third 
Painleve equation (Pin) 

d 2 f 1 fdf\ 2 1 df , 1, 2 3 , C 4 



dx 2 f \dx J x dx x ^ 1 ^ ~^ 2 ^ 3 ^ / ^ 



in terms of a hierarchy of soliton equations. Pni (jl.ll) has an equivalent equation Painleve III' 
(Piif) HE|: 

d 2 y 1 (dy\ 2 ldy y 2 c 2 c A 

d^ = y{d- S ) -7^ + 4^ (C3y + Cl) + i; + V (L2) 

which is obtained by the change of the variables s = x 2 , y — xf . In what follows we assume that 
C3C4 7^ (Dg^-type), in which case the number of parameters contained in (jl.2l) is two by means 
of a suitable change of scales for y and s. It is known that the transformation group of solutions 
of (|1.2|) is isomorphic to the affine Weyl group of type x A^ (or B^) [IT)] . 
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There are several works concerning the third Paileve equation based on the theory of integrable 
systems [8], [9], [13], [18], [21]. However, there have not been any satisfactory theories presented 
so far which could explain the relationship between Okamoto's theory, especially the symmetry 
of the affine Weyl group based on a Hamiltonian equation and the r-function, and the soliton 
equations realized as representations of affine Lie algebras. So we develop the theory of the "modi- 
fied" Pohlmeyer-Lund-Regge (mPLR) hierarchy that includes the derivative nonlinear Schrodingcr 
hierarchy studied by Kakei and the author [10], [11], in the same way as the sine-Gordon hierarchy 
includes the mKdV hierarchy. The similarity reduction of the mPLR hierarchy gives the third 
Painleve equation and its symmetry. 

The "modified" Pohlmeyer-Lund-Regge (mPLR) equation is, by definition, the following system 
of equations: 



d q 



4q ■ 



= 4r 



at i 
dr 
at i 



(1.3) 



where q = q(t\,t\), r = r{ti,t±). The zero-curvature representation of (jl.3p is 

dB 1 <95i 



dh dti 



B\Bi — B\B\, 



where 



B l 



2qr 


-2q 





-2qr 


1 - 


-2qe^~ 





-1 



1 

2r -1 



c, 



o 

2fe- 2 ^ 



(1.4) 

(1.5) 
(1.6) 



Here C S C is a parameter and the variables q = q(ti, ii), r — r(t\, t{) and <f> = <p(t±, t{) satisfy the 
following equations: 



dq 



-2qe 



24> 



— - 2fe- 2 * 





(1.7) 



Originally, the integrable Pohlmeyer-Lund-Regge system was derived in a study of the dynamics 
of relativistic vortices by Lund and Regge [12] , and independently in an investigation of the non- 
linear sigma model in field theory by Pohlmeyer [T7]. In [5], Jimbo and Miwa showed that the 
third Painleve equation is obtained through a similarity reduction from the Pohlmeyer-Lund-Regge 
equation. We will show later that the equations (jl.7[) are obtained by Miura transformation from 
the equations in [5]. 

This article is organized as follows. In Section 2, we formulate the mPLR hierarchy based on 
the Sato theory by using the affine Lie algebra and group of type Ap. Then in Section 3, we 
introduce the Backlund transformations for the mPLR hierarchy and show that the group of these 
transformations provides a realization of an extended affine Weyl group. In Section 4, we study a 
similarity reduction of the mPLR hierarchy and give the action of the transformations defined in 
Section 3 on the parameters of the similarity condition. In Section 5 the third Painleve equation 
and its symmetry are derived from the mPLR hierarchies. In Section 6, we recall the similarity 
reduction to the fourth Painleve equation and show that the second Painleve equation can also be 
derived from the mPLR hierarchy. 
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2 Modified Pohlmeyer-Lund-Regge hierarchy 

The zero-curvature equation for the mPLR (|1.4p is a compatibility condition for the linear equations 

dY dY 

In this section we construct formal solutions of these equations based on the theory of the afhne 
Lie algebra SI2 and its group pQ, [6]. This is equivalent to a modification of the 2-component Toda 
lattice hierarchy [20] . 

2.1 Gauss decomposition and r-functions 

Let g = sl2(C) and g = s( 2 ® C[£, C _1 ] ffl Cc ffi Cc! the associated affine Lie algebra of type g 
is generated by the Chevalley generators hi, ef (i = 0, 1) and d with the defining relations 

[hi, hj] = 0, [h i: ef] = ±Oijef, [ef,ej] = hjhi, (adef ef = 0, 
[d, hi] = 0, [d, ef] = 5 i>0 e£, [d, er] = -S il0 e^. 

is the Cartan matrix of type A± . g has the following triangular 
decomposition: 

g = n_©f)ffin + , (2.2) 

where n± denotes the subalgebra of g generated by ef and f) = C/io © C/ii © <Cd is the Cartan 
subalgebra of g. Note that /io + hi = c. The homogeneous Heisenberg subalgebra s of g is given 
by s = ©ngzC-f/n © Cc with the commutation relations [H m , H n ] = m8 m + n ^c 

Let (irj,Lj), j — 0,1, be the basic representation with the highest weight vector \vj). The 
action of the Chevalley generators is given by 

= 0, n-i(fti)K) = %l^>- Ti(e t -)' w+1 l« J -> = 0. (2.3) 

We will denote by (71-*, L*) the dual representation of (iTj, Lj), with the highest weight vector (vj\ 
and the action of the Chevalley generators is given by 

Kj{ e t) =7r j( e i r )' n*j{hi)='Kj{hi), \vi)* = {vi\. 

It is known that Lj has the structure Lj ~ C[ari, £2, . . . ] ©C[Q], where Q is the root lattice of 512(C) 
and C[Q] is the group algebra of Q, and the action of ef is given in terms of vertex operators. But 
we will not need this realization in this paper. 

Let (n, L) = (ttq ®-k\,Li © L2). Since (n, L) is an integrable representation, we can define the 
actions of exp7r(e^) (i = 0, 1) on L. Set 

Si :=exp7r(er)exp(-7r(e+))exp7r(er) (i = 0, 1). (2.4) 

So and Si generate the affine Weyl group of type A± . 

Now we define the r-functions of the mPLR hierarchy. Let G be the affine Lie group generated 
by exps7r(e^), i = 0, 1, s E C and put g(0) E G as the initial value of the hierarchy. We introduce 
the time-evolution of g(0) with respect to time variables t = (ti,t2> • • • ) an d t = (ii, ?2, ■ ■ • ) by 

ff(t, t) = exp(^ t n H n )g{0) exp(- ^ F„iT_„). (2.5) 

n n 

In the definition (|2.5[) there arc infinitely many independent variables but in the following we shall 
take almost all ti and ii's to be zero. We mention that our definition (|2.5|) differs from the previous 
paper [10]. Here we use not only the variable U but also ti. 



Here A = (a^ 



-2 
2 
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The r-functions of the mPLR hierarchy are defined by 



n (t,t)-.= < Ui |r- m 5 (t,t)r> i >, (* = 0,1, m,neZ) 



(2.6) 



where T := SqSi. 

We will establish the relation between the r-function and the components of g. We require that 
the element g = g(t, t) (|2.5p can be written as 



.9 = .9<o5off>o, 



(2.7) 



where g<o € exp7r(fi_), g>o £ exp7r(n+) and go G exp7r(f)'), f)' : = C/io © Chi. The factorization 
(|2.7|1 is called the Gauss decomposition. It is known that if an element g € G belongs to the dense 
open subset of G called a big cell, then g is written as 1|2.7|) [22] . Put 



9<o{t,t) = exp (q(t,t)e +r(t,t)e 1 H ), 

3o(*,*) = exp(<j>o(t,i)ho + <t>i(t,i)hi), 
9>o(t, t) = exp (q(t, t)e+ + f(t, t)e+ H ) . 



(2.8) 
(2.9) 
(2.10) 



Since exp7r(fi+) and exp7r(n_) stabilize \vi) and (vi\ (i 
into (12.61) we have 



= (t>i|ejtp(0o(t,*)fto + 0i(*,*)Ai)|«<) = e^ ( *' t_) . 



0,1) respectively, by substituting (|2.7 



(2.11) 



Next we give the relation to the components of g<o (|2.8p . <?>o (|2.10j) and the r-functions. By the 
relations (|2.3[) . the action of 17 = g(t,t) on the vector |u) := |uq) + is computed as follows: 

9\v) = 5<o5ok) = -qe- + ■■■ )\v ) + t$ (1 - re± + • • 

Similarly, by calculating (v\g, we obtain 

_ («o|e^ff|t)o) __ (vi\gei\vi) 



T (o) 

T (1) 



T (l) : 

(«o|gep K'o) 
T (o) ' 



On the other hand, we have the action of T m on (v\ and w), for example, T|u ) = S'oS'ili'o) 
S'olvo) = e o\ v a)- By comparing these results, we have 



q = 



r (0) 

_(0) 1 
'0,0 



-1.0 

r (l) ' 

T 0,0 



.(1) 

0.-1 

r (l) ' 

T 0,0 



r (o) 

'0,1 

r (o) 

'0,0 



(2.12) 



2.2 Sato- Wilson equations and Zero-curvature equations 

From now on, we consider the following level-0 realization of §: 



en ^ 



1 



(- 1 







"0 


0" 




C 








"0 


0" 




'1 " 




1 





, hi i-> 


-1 







(2.13) 
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c i-> and d h- ► £-4. Then the generators of the homogeneous Heisenberg subalgebra are realized 



C" 

-c 

by means of the following 2x2 matrices 



by H n i-> 



The elements of the affine Lie group G (|2.8[) , (12.9[) and (|2.10[) can be written 



<? <0 (t, t) =7 + Wi(t, i)A- x + W 2 (t, i)A- 2 

ffo(*,*) = exp $(*,*), 
ff>0 (t , t) =7 + Wi (t , t) A + W 2 (f , t) A 2 + ■ • 



(2.14) 
(2.15) 
(2.16) 



where A 



1 

C o 

cially, we see that 



and $(t, t), Wi(t, t), Wi(t, t) (i — 1,2,...) are 2x2 diagonal matrices. Espe- 



W x {t,t) = 



q 
r 



*(*,*) = 



4> o 
o -d 



and (*, t) = 



9 
f 



where 



By the defining relation (|2.5I) . g 



r (1) 

(or 

T 0,0 

g{t,t) satisfies the equation 
-gH- n . 



a, — ting, Q j 

at n at n 



(2.17) 



(2.18) 



(2.19) 



Using the Gauss decomposition (|2.7[) . g<o = g<o(t,i) and g>o := go(t, i)g>o(t, t) satisfy the follow- 
ing linear equations, the so-called Sato- Wilson equations: 



f dg 



<o 



dt n 



9g 



- (5<o77„g < o) <0 g<o, 
(g<o77ng<o) >0 .g>o, 



dg<o 
dt n 

dg>o 
dL 



— ( g>oH- n g>l ) g<o, 



<0 



(.9>o/7-«.g>d) >o .g>o, 



(2.20) 



where ( )<o and ( )>o denote the negative and nonnegative power parts of A (not of Q, i.e., for a 
matrix A = J2iez A i^' we P ut j4 <o = Z) l <o^ A ' and A >° = J2i>o A i^- The equations ([2~2U|) 
for n = 1 give the modified Pohlmeyer-Lund-Regge equations (|1.7[) . Also, from the formulas (|2.19[) 
we obtain the relations 



w 2 i 



W 2 2 



W21 
W 2 2 



(2.21) 



Here W% '■= diag(u?2i) W22) and W2 ■= diag^ai, Wm). Notice that H n = A 2 ". 

Next we will construct formal solutions to the linear equation (|2.1[) . Let a, (3 S C be constants. 
We define the wave functions ^((; a, t, t) and /3, t, i) by 



*(C;M,«) := g <0 ( aHo *o(C:t), 



where 



#o(C;*) : =exp ^inTfJ = 
*o(C;<) — exp f J2^H- n ) = 



e tiC+«2C 2 +--- 


,tiC _1 +i2C" 





-(tiC+«2C 2 +---) 





-(tiC _1 +t2C _2 +- 



(2.22) 

(2.23) 
(2.24) 
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Obviously, "Jo arL d Wo satisfy the linear equations 



dt n 



5*o 

dt n 



By this relation and the Sato- Wilson equations (I2.20p . the functions Y = satisfy the linear 
equations 

dY dY 

— = B n Y, -g- = B n Y, (2.25) 

Ot n at n 



where 



B n ■= (g<oHng <0 ) >0 , B n :— (g> H^ n g> 



(2.26) 



The lowest case n = 1 gives B\ in (|1.5p and Si in (| 1 . 0[) . 

Compatibility conditions for the linear equations (|2.25[) lead to the following zero-curvature 
equations: 



' d 

dt n 


— B n , 


d 

dt m 


' d 


— B n , 


d 


dtn 





— B n 

— Br, 



= 0, 
= 0. 



= 0, 



(2.27) 



Notice that by the Sato- Wilson equations (|2.20|) , the linear operators of (|2.27j) can be represented 
as follows: 



d 



— - B n = g <0 • ( — - H n ) • 5 <( J - g> • ^- • #>d, 



d_ 

dt n ^' \dt 
d - ( d 

dt n - \dt, 

Here the product • means the composition of operators. 



d 



(2.28) 



.9>o = 5<o 



dt r , 



9<o- 



2.3 Lax equations and a conserved density 

It seems that the equations of hierarchy (|2.27[) . (|2.26p contain an infinite number of dependent 
variables (components of Wi and Wi, i = 1, 2, 3, . . . ). However, we will show that the coefficients 
of B n , B n are differential polynomial of (q,r), (q,r) with respect to t\, i\ respectively. Set 



L :=. 9 <o^og<d = H Q + C/iA- 1 + U 2 k~ 2 + • • • , 
L :=g> Q H a g>l = g (H + UiA + U 2 k 2 + • • • ) 5o 



(2.29) 



where Uj — 



Un 
u i2 
following relations: 



, Ui = 



un 
u l2 



_d<S> 



By the Sato- Wilson equations (|2.20[) we have the 
<9$ 



and 



U, 



dW-L 



2n+l 



u 2n = - 



U 2n -\ 



dt„ 



dt n Ot n 

The matrices L and L satisfy the following system of equations (Lax equations) 



df n - [B ^ L] 



dL 
> dt n 



[B n , L], 



dL 



[B n , L}. 



(2.30) 
(2.31) 



(2.32) 



G 



Proposition 1. The components ofU n (|2.29j) can be described by differential polynomials of q and 
r with respect to t\, and U n by differential polynomials of q and f with respect to t\. 

Proof. By the definition of L (f!T2"9|) . L 2 = g <a H%g~l = I and hence 

j-i 

H Uj + U j A^H A j + J2 U k A- k Uj~kA k = (j = 1, 2, . . . ). (2.33) 
fe=i 

On the other hand, the derivation of L with respect to ti in (|2.32j) is expressed by 

Fit 

— =[L,(Ci)<o] = [i>-2,(Ci)<o] 

=[H + UiA- 1 + C/ 2 A- 2 , U 3 A- 3 + C/4A- 4 + •••]. 

By comparing the coefficients of A 2k and A 2k+1 we have 

[U 1 A,U 2k +iA- 1 }, 



dU 2k 



dti 
dU 2k+ i 



(2.34) 



A = [H , U 2k+3 A] + [U X A, U 2k+2 ] + [U 2 , U 2k+1 A] 



(k — 1,2,3,...). Together with the relation (|2.33j) . the Uj (j > 2) are recursively determined as 
differential polynomials of q and r with respect to t\. L can be treated in the same way. □ 

We give some examples of u n i and u n2 for small n. 



(2.35) 



!q" 
U51 = ~— + 2qr' + 4q 3 r 2 , 
r " , O ' 2 „ 2 3 
u 52 = — + 2qr -Aq r\ 

( q'" 

u 61 = -{q"r + qr" - q'r') - 4q 3 r 3 , u ^ = ~T + 3 «« V + 6 <AY, 

2 vy H ' H ' <( * (2.36) 



r 



U62 = -Wei, [ w 72 = -— + 3rq'r' + 6q 2 r 2 r', 

where /' means Jj£ . By Proposition^ the equations (|2.3ip can be regarded as nonlinear differential 
equations for the variables (q, r) or (q,r). For example, we have 



P- = — ~ 2q 2 r' - 4qV, | = M_ - 3gg y - BgW 

OT2 2 



^ r r n 2 / , >< 2 3 I ■) ' - 

— — = — Zr q + Aq r , | = — dqrr — bq r r . 

ot 2 2 



dq 


q'" 


dh 


~ ~4~ 


Or 


r'" 




= T 



(2.37) 



The first couple of equations is the derivative nonlinear Schrodinger equation we have studied in 
[TP] , [TTj and the second one is a modification of the coupled modified KdV equation. 

Other important functions are W 2 in (|2.14p and W 2 in (|2.16[) . which are written as in (12.21)) 
by means of r-functions. They are not differential polynomials of q, r or q, f. By the Sato- Wilson 
equations (|2.20|) they satisfy the relations 

-7T- 1 = ~U 2n+2 - U 2n+ i{AWiA~ ), 

aw (2 - 38) 

~ = U 2n - 2 + e^U^AAW^- 1 ) (U : = tf ), 
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and 



( dW 2 

dt n 
dW 2 
- di„ 



U 2n -2 



-2<l> 



U 2 



[(AM^iA -1 ) (U Q :=H ), 



(2.39) 



So, the trivial identity d 2 W 2 /dt n dt m = d 2 W 2 /dt m dt n gives us the t„-conserved density F„ = 
dW 2 /dt n , i.e., for all m there exists a i„-difierential polynomial G m such that dF n /dt m = 
dG m /dt„ . For instance, 



dw 2 \ 

dh 
dw 22 

{ ~dh 



= ~2qr, 
= 2qr, 



Here we put 



q ' 2 dh 



q 2 r, 



dw 2 i „, 




dt 2 


— q'f 


dw 22 „, 




ot 2 


— qr' 


1 dr 




'~ ~2dh ~ 


qr 2 . 



(2.40) 



(2.41) 



2.4 Miura-type transformation to the AKNS hierarchy 

Here we describe the Miura-type transformations of the mPLR hierarchy to the PLR hierarchy. 
Miura-type transformations are defined by 



1 

-r 1 



9<a = 



"1 0" 




1 


9 




a b 


r 1 


9o 





1 




c d 



g<o >-> g<o ■= 

.9o i-> 5o := 
9>o 9>o ■■- 
where r is defined by (|2.41j) and we also put 



1 dq _ 2 _ 
q:= 2W 1 - qr > 



1021 q 

f w 22 — qr 



i o 
o 1 



"1 


-q 




1 


0" 




w 21 - 





l 


9>a 





1 


+ 


f 



q 

w 22 



( + 



1 df 
2dh 



qr 



(2.42) 
(2.43) 
(2.44) 

(2.45) 



We remark that the expressions of f in (|2.42j) and q in (|2.44[) are proved by using the relations (|2.29j) 
and (I2.35[) . The variables (a, 6, c, d, q, r, q, f) obtained as above, satisfy the following relations: 



(2.46) 
(2.47) 



d 


a 


b 




"0 


-2q 




a b 


d 


a 


b 




a b 




2q 


dh 


c 


d 




2f 







c d 


dh 


c 


d 




c d 




-2f 



dq 
dh 



„ , df „ , dq „, , 9r 
-2o6, ^ = 2cd, -f = 26d, — 
oti ati aii 



-2ac. 



This system of equations is the Pohlmeyer-Lund-Regge equation discussed in [S] . Furthermore, we 
have 

dq 1 d 2 q 2 „ ( dq 1 d 3 q „ dq 

«7~ = o "572 r ' . 



st 3 Adt\ +%qr dh' 



df 1 9 2 f „ 2 
I dh = ~2~dt\~ Aqr 



df 1 d 3 f . 

df 3 = 4W 1 +6qrr - 



(2- 



They are the nonlinear Schrodinger equation and the coupled modified KdV equation. 
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The Miura-type transformation of the wave functions fljjZJ) , i.e., Y = <7<oC qH °*o or g>oC pH °^o 
satisfy the linear equations 

dY - „ dY 



B n Y, 



= B n Y, 



dt n ' ' dt n 
where B n = (.9<o-ffn5<o)~\ B n = (3o5>o^-nff>dg c 7 1 )<o- For example, 

Si = 



£1 = 



Compatibility conditions for these equations give the AKNS hierarchy. 



(2.49) 



"0 - 


-2q 




'l 




C, 




2f 





+ 


- 


i 




a b 




rc 


-1 







a b 


-l 


c d 







-c- 1 . 




c d 





(1) 



3 Action of the extended affine Weyl groups of type A\ 
3.1 Basic transformations 

We now discuss symmetries in the mPLR hierarchy. In this section we construct six "basic" 
transformations on the variables <7<o, go and <?>o- First, we define 



a : (t, i, Wi(t, t),Wi(t, t), $(t, t)) i-> (t, t, Wfa t), Wi(t, t), -$(*, t)), 
(z = 1,2,...). The correspondence of the coefficients is the following: 

f a{q){t,t) = q(i,t), 



a{^){t,t) = -cf>{i,t), 



*{q){t,t) = q{i,t), 
a(r)(t,t) = f(t,t), 



<r(f)(t,t)=r(t,t). 



(3.1) 



(3.2) 



Second, we consider the birational transformations for the variables 4>, q, r, q and f . In ref. |10j . we 
have constructed two types of extended affine Weyl group symmetries (the "left action" and the 
"right action") for the derivative NLS hierarchy. Here we extend these to the mPLR hierarchy. 
We denote the matrices So, Si by 



So 



o r r 
-c o 



Si 



-1 

1 



(3.3) 



They are the level-zero realization of the elements (|2.4[) . Note that So and S\ ()3.3|) satisfy the 
relation Sq = Sf = I. Define the "left action" of operators So, Si for <7>o, <7o and g<o as follows: 



Si(9<o)(t,t) = Gl(-t t t)g <0 (-t,t)Si, 
sf(g )(t,t) = Gl(-t,t)go(-t,f)Gl(-t,F)-\ 

«i(ff>0)(*»*) = ^(-t s t)fl> (-*,t), 



(3.4) 



(i = 0, 1) where 



G :— 



-1/9 
C -9 
1 
-Ce 2 */? 1 

We also define the "right action" Sq , by 



^1 := 
G^ := 



-r 1 
-1/r 

1 







1 



(3.5) 



sf(g<o)(t, t) = Gf (t, ~t)g <0 (t, -t), 
sf(g )(t, t) = Gf(t, -f)go{t, -i)<3?(t, 
sf (s>o)(*, t) = Gf(t, -t)g >0 {t, -t)S h 



(3.6) 



(i = 0, 1) where 



r<R. — 



(_r — 



1 



1 

-l/ge 2 * 1 



f -c 1 

l/f 



1/q 

-1 g 



(3.7) 



For example, we have 



»&(e*)(t,t) = - 
#(e*)(i,t) = 



e <p{-t-t) 
e <t>(t-t) 



,i(e*)(t,t) = -e^-^r(-t,l), 



S f(e^)(t,f) 



_ P *(t,-t) 



f(t,-t)' 

Finally, we construct the Dynkin diagram automorphism 7r by 

n{9<o)(t,t) =p- 1 g <0 (-t,-t)P, 
7r{g )(t,t)=P- 1 g (-t,-t)P, 
7r{g >0 )(t,i) =p- 1 9 >o(-t,-t)P, 



g(t,-t). 



(3.8) 
(3.9) 



(3.10) 



where P 



o c 1/2 

_ C l/2 

independent variables are 7r(e^*'^) = e 



This action was also introduced in ref. fit)] . The relation of the 
-t,-i) an( j 



7r(«)(t,t) = -r(-i,-i), 
7r(r)(t,t) = -«(-*,-*), 



n(q)(t,t) = -r(-t,-t), 
Tr(f)(t,t) = -q{-t,-F). 



(3.11) 



Theorem 1. The transformations (|3.1[) . (|3.4p , (13. 6p and (|3.10|) commute with the Sato-Wilson 
equations (|2.20p . Por t/ie variables q,r,q and f, they satisfy the relations 



and for the variable 



a 2 = 


= (^) 2 = 


(^) 2 = 


= (4) 2 = 






™?= 






= 


CTSl = 




a 2 = 


= (4) 4 = 


(^) 4 = 


= (tf ) 4 = 






*-? 


= -S?7T 




= s?v, 







(3.12) 



Id, 



(3.13) 



Especially, the group Wl — (sq , s\, ir) and Wr, = (sq , , tt) generated by these transformations on 
q, r, q, f are extended affine Weyl groups of type . 



Proof. This is checked by a direct calculation. For example, by the relation Sf 

(^) 2 (.9<o)(M~) = (-I)<?<o (*,*)(-/) =g<o (*,*), 

( S L) 2 ( ff0 )(t,t) = (-I)g (t,t), 
and ( S L) 2 (.g >0 )(M~) = <?o(M~)- 



-L we have 



□ 



We remark that the definition of transformations (|3.4[) . (|3.6p is based on the Gauss decompo- 
sition of the loop group, which is discussed in [T3], [TU]. 
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3.2 Relations among the r-functions on the -root lattice 

By Theorem [TJ we automatically obtain discrete intcgrable systems by composing the basic trans- 
formations given in previous section. First we consider the compositions Tl := Sqs\ and Tr := 
s^sf. They correspond to parallel transformations on the A^-root lattice. 
The functions Tm, n (t, t) (i = 0,1, m,n£ Z) defined by (|2.6p are realized as 



r«n(*,*)=2T^ ( S(t,t). 
Because the transformations TP and T# act on the left and right index respectively, e.g. 

T k( (i) \ _ (i) T k ( (i) \ _ (i) 

1 H'm,ni 'm+fe,n' ^RA'm,?!/ ' m,n+k' 

we obtain a sequence of r-functions. 



(3.14) 




(3.15) 



Proposition 2. TTie actions of the six basic transformations (t,Sq,s\,s^,s^ and it on the r- 

functions T m ^ n (m, n G Z) are given by the following table: 



■ s l 

*0 



r (0) 
' rn.n 



(t,t) 



r (1) 

1 rn.n 



AH) 



joy 



(t,t) 



AH) 



(-V r M\n(-t,t) (-l) m r W m . n (-t,t) 

(-V m T { % n {-t,t) (-l)«+V«_ lin (-t,t) 

(-l) n T^l-r.(*. "*) (-l)^S-n(*, "*) 

(-l)«ri 0) „„(t, -t) (-l) n+1 r«_ n _ 1 (t, -t) 

,(-*»-*) 7--i-n(-*»-*) 



(3.16) 



Proof. We prove only the case of s^. The corresponding equations for the other elements are 
obtained similarly. When n > 0, the action of on exp(0 mi „) := T^T^ exp(^o.o) = 7"m,n/''m,n is 

sf (exp(0 m ,„)) = (s^sf )" (exp(0 ro , o )) 

= ( s i' a o)" s i'( ex P( < / , m,o)) = s?(exp(«/» m ,_„)). 

Due to the relation (|3.9p we have 



s l ( ex P( ( / , 7n,-n)) — ( T m,—n/ T m,—n) X ( T m,-n—l/ T m,—n) ~ r m,-n-l/ 



n 



For n < 0, the action of s^ on exp(0 mj „) is given by 

sf(exp(cj) m . n )) = sf (sf s^) " (exp(cj) mfi )) 

= -{ s o s f) " 1 s o '(exp(0 m ,o)) = -so (exp(0 m _„_i)). 
By the relation p.9[) . we obtain — Sq (exp(</> TO ,_„_i)) = — ^ -n-!/ 7 ™-^ The signs of the trans- 



formed r- function is determined uniquely by supposing s^t^q) = rj^ . 



□ 



Now we represent the variables (|2.41|) and (|2.45|) . obtained by the Miura transformations, in 
terms of the r-functions. By definition, the actions of XL and Xr on g<o (|2.14p are 



n(g<o)(t,t) = flL(t,t)5<o(*,t)5 5i, Rl ■■= 
T K (g <0 )(t,t) = R R {t,t)g <0 {t,t), R R = 



-q/q -q 






1 0" 


C, 


-q/q_ 


+ 


l/g 0_ 


"0 -e^/f' 


C 






1 


0" 


— f/f 






f 2 /e 2 


¥ l 



(3.17) 
(3.18) 



Notice that in these transformations the signs of the dependent variables t and t do not change. 
So, by the relations (|2.28|) the action XL can be realized as 



_d_ 



_3_ 

dt n 



B r 



= w n - R ^ BnR ^ 



(3.19) 



and by replacing X^l to R R , we get Xr. For example, the left action is obtained by 

{q'f q 2 r' q o „ , , 1 



T , 9" WT 9 2r ' 3 2 ^ /-V 

4 4g 2 g 



These relations provide the following formulas: 



r (1) 
~i,o 



.(0) 

-1,0 
JO) ' 



q = 



JO) 
'0.-1 

T (0) ' 
T 0,0 



r (1) 
~o,i 



(3.20) 



We now deduce the differential equations that are satisfied by the r-functions Tm, n - By using 
the correspondence (|2~T2"j) . (|23T|) . (pHU)) and the action of X£\ X£, the equations (|2T4"0|) can be 
rewritten as 



(3.21) 



D 2 (i) . (t) _ o 7 

t\ m,n m,n w m+l,n m— l,n' 

n. n. T W . T W = in, T W . r (0 

-^ti -^t 2 ' m ,n ' m,n ^-^ti ' 771+1,71 'm— l,n* 

Here XJj; is the Hirota bilinear operator defined for a pair of functions /, g and for an arbitrary 
polynomial Q as follows: 

Q(D x )f(x) ■ g(x) = Q(^-)(f(x + y)g(x - y))\ y=0 . 
dy 



Furthermore, we obtain 



(Dl+2D t2 )T^ n -T^ +hn = 0, 
(X» i 3 1 -4X> t3 )r«„-r« +li „ = 



(3.22) 
(3.23) 



from the equations (|2.3ip . Thanks to the symmetry a (|3.ip , we have similar equations with respect 
to t and the right index n. For example, we have 



D 2 (i) (i) = c W (i) 



(3.24) 
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3.3 Relations among the r-functions on the A^-weight lattice 

Next we consider the compositions 71 := SqSq-k and T2 '■= sf SqTt. They correspond to shift 
operators on the A ^-weight lattice 14 . By definition, 

fr 1 (rW)(t,i) = (-i)' n+ vw (t,t), 



r 2 (ri ) n )(t,f) = (-iy 



-l(*»*)> 



I r 2 (r«„)(t,t) = (-l) m+n ri | 1)n (i,t) 
hold. So we arrange the family of r-functions on the following diagram: 



(0) 



JO) 



-(0) 





,(1) 




r (0) 







Jl) 



Ti r 2 



JO) 



.(0) 





_(1) 




r 2 





JO) 



JO) 



JO) 



(3.25) 
(3.26) 

(3.27) 



The structure of the transformations (|3 . 16[) is thought of as the mirror image of this diagram. 



In fact, Sg and are reflections with respect to the vertical lines which link Tqq' and Tq 1 ^_ 1i Tq U q 

and Tq°1 respectively. Also, and are reflections with respect to the horizontal lines which 

link Tg 1 ^ and tI^q, Tq°q and t[°q respectively. Furthermore, the composition ira represents the 

reflection with respect to the slanted line through Tq°q and Tq 1 ^. 

Below we list the Hirota bilinear equations of mPLR hierarchy. From the differential equations 
for (j) f2~30)) we get 



Ji) 



JO) 



, (0) . (1) _ , T (1) ^(0) 
*i ' m.n m.n 



and 



D tl T, 

(Dl+2D t2 )r^ n -r^ n = Q, 



2r y ' r 1 - 

m— l,n m+1,71' 



(D 3 - 4D, ) T W ■ r (0) = 24r (0) r (1) 

V ti ^z) m.n 'm,n ' m— l,n m+l,n " 

The differential equations for q,r,q,r (|2.3ip imply 



£) t r (0) • t(°> = 2t (1) t« 

£l m,n+l m.n m— l,n m,n? 



and the differential equations for W2 and W2 (|2.38l) give rise to 



(D t Dt +4)t (0) -t (0) = -8' 



Jl) 



Jl) 



m — l.nm.n— 1" 



(3.28) 
(3.29) 

(3.30) 
(3.31) 



This relation is the 2D Toda equation. 
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We also have an algebraic equation. The transformation 7i for is 

7I(e*) = «^7r(e*) = e* - gfe~*. 
Rewriting this as a relation among r-functions, we have 



(0) n2 _ _(1) _(1) 



' m,n ' m — l,n— 1 



m — l.n m.n— 1 ' 



(3.32) 



We remark that the action of operators 71 , 72 on the linear operators of mPLR hierarchy are 
obtained by 



where 



^2 



—q 

e 2 ^/(qr-e 2,;> ) 

q/e 2 ^q —q 




*-l/2 



-1/2 



1 

f/{e 2 * - gf) 

0' 



/■1/2 



-1/q 



1/2 



(3.33) 
(3.34) 



4 Similarity reduction 

4.1 Similarity conditions for the wave functions 

Now we construct a similarity reduction of the mPLR hierarchy. Let A 6 C be a complex parameter 
and set t\ = (Xti,\ 2 t 2 , ... , X n t n , . . . ), = (A^ 1 ^, \~ 2 i 2 , . . . , X~ n i n , . . .). We consider a one- 
parameter transformation for g>o, <?<o and go. 

Proposition 3. If g<o and g>o — <?off>o solve the Sato-Wilson equations (|2.20l) . the functions 

g x <0 (C,t,t) :-A aH « 3<0 (A- 1 C;tA,iVOA- Qffo , 

g^(t,t) := A Q % (i A J A )A~^, (4.1) 
.^ (C;M~) := A^. g>0 (A- 1 C;iA,tV0A- /3ffo 

afeo so/we (|2~2"0|) . 

This is verified by direct calculation. Proposition^ shows that <7<o,So an d g>o have the scaling 
symmetry, it thus makes sense to look only at functions with the following similarity conditions: 

<?<o(C,*,*) = 9<o«,t,t), 5o(C, *,*) = <7o(C,M~), 9>o((,t,t) = <7>o(C,M~)- (4-2) 
The components of these matrices satisfy, for example, e^*-*"'* -1 ) = A /3 ~"e'^*^, 

(q(t x ,i x -i) = X~ 2a ~ 1 q{t,t) 1 { w 2 i(tx,h-i) = \~ 1 W2i(t,i), 
\ r(i A , *a-i ) = A 2a r(i, i), \ W22 (t A , i A -i ) = A" 1 ^^, t), 

{q(t x ,t x - l ) = \- 2fi q(t,t), ( w 21 (t x ,i x -i) = \w 2 i(t,t), 

\ f(t X ,t x -i) = X 2fs+1 f(t,t), \ <B22(«A,*A-0 = AtB2a(t,t). 

The similarity conditions (|4.2|) can be expressed in infinitesimal form: 

dg<o 



,dg<o , „ i , , %<o 

C^7~ = F-"o, .9<oJ + 2^ nt r. 



dt r 



2J nt„ 



dt r , 



A dg>0 rnrj 1 

C-^r- = [pHo,g>o\ 



E, dg >0 



nt 



dg 



>o 



9i„ 



(4.3) 
(4.4) 
(4.5) 
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In particular, the variables W\, W\, W2 and W 2 satisfy the following conditions by virtue of the 
Sato- Wilson equations: 



2a + 1 

-2a 

-2/3 
2/3 + 1 



Wi = nt n U2n+i + ^2 n *™e 2 *t/ 2 n-i, 



m=J2 nt n e- 2 ' J 'U2 n -i + nl ^'- 



2n+li 



n n 

VF 2 = 5>t„(t/ 2n _ 2 + e-^C/an.iA^A" 1 ) + £ nf„([7 2n+2 + O^A^A- 1 ). 



(4.6) 



(4.7) 



We emphasize that the variables W2 and W2 can be described by differential polynomials of q, r 
and q, f (see Proposition [T]) under the similarity conditions ()4.2j) . Furthermore, from the condition 
for g (|4.4[) . we obtain 

n n 

Under the similarity conditions f|4.2p . the wave functions Y — \& and ^ (|2.22|) satisfy 

Y(\(-t,i) = \ aH °Y(C,t x ,i x -i), (4-9) 

because of the relations ^f (X(;t) = * (C;*a), *o(AC",*) = *o(C;*A-0- Formula implies the 
following linear equation: 

M rr „ ay - 



= aiJ + ^2 nt n B n - ^2 nt n(goB n g *) ^ 
\ n n / 



(4.10) 



for Y" = \f r ,\E r . From the compatibility condition of the linear equation (|4.10j) and ()2.25|) . we get 
an isomonodromic deformation equation [I], [TJ: 

dA. OB 

— = [Bi,A] + C^r, A = aH a +^2nt n B n -^2ni n {g^B n g^ 1 ). (4.11) 



4.2 AfRne Weyl group symmetry of the reduction parameters 

The affine Weyl group symmetry still exists after the similarity reduction. In addition, we have 
the following transformation for the parameters a and /3 in the similarity conditions ()4.1[) . (|4.2|) . 



Theorem 2. The six basic transformations a, s\ , sf~(i = 0, 1) and tt induce the following transfor- 
mations of the parameters a, ft in the similarity conditions (I4.1[) . (14. 2[) : 



„L 



o 



p 



~P~I 

-a-1 
—a 
a 
a 



P 
P 

-0-1 
~P 

-p-\ 



(4.12) 
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Proof. We rewrite the similarity condition (|4.3[) by 



d 1 

+ ^H ,g <0 (t,t) 



(a + -)H Q ,g <Q (t,t) 

dt n y " ,UJ A^"" Jn Qf n 



(4.13) 



If we let <7 
have 



act on the formula (|4.13p . then by using the relation (J^ + jH , A™ 



f A™, we 



-C^r ~ ^H ,g >0 (t,t) 



(a (a) + -)H ,g >0 (t,t) 

E$9>o f - \ - 



dg 



>o 



(t,i). 



Comparing this equation with (|4.5[) . we have <r(a) = — /3 — |. 

Next we consider the actions of sf and sf-. Since the generator of permutation So = Sb(C) (I3.3[) 
satisfies S'o(C) = A _ - ff °So(A _:l f), under the similarity conditions, the matrices in the definition of 
the left action ()3.5|) and the right action (|3.7|) satisfy 



r G^(*,t) = \- aH °G\{t x ,t x -,)\- aH \ 

{G\(t,t) = \e H °G\(t x ,i x - l )\-e H °, 

( G*(t;t,t) = A^G^A-^^a^VOA"^ , 
\ G*(C; i, t) = \-^ H °G*(\-\; t x , t A -x )A~^ , 
f Gf(t,t) = A a ^Gf(t A ,t A -i)A- aif ° ) 
\ G?(t,i) = \- pHa Gf (t A ,t A -i)A-^°. 

Then, for example, the actions of Sq on the matrices <?<o, go an d <?>o with the similarity condition 
are 

*fr(s<o)(C;M~) = a-( q+1 ^^ (5<o)(a -i c .^^ Vi)A ( Q+ i)h 0; 

s&(flb)(*,t) = A-(«+ 1 )^ s L( 3o )(tA,fA- 1 )A-^ , (4-14) 

SoG?>o)(C;M~) = A^^( ff>0 )(A- 1 C;«A,t A -0A-^°- 

This relation imposes the action of Sq on a and /3. Other transformations can be computed in the 
same way. 

The action of it is obtained by the relation P{\£) = X~^ B °P{Q = P{()\i H °. □ 

Corollary 1. The shift operators on the root- and weight-lattice act on the parameters a,0 
by the following table: 

a (3 



Ti = a?a&7r 

r 2 = sfsfa 



a + l P 

a /3 + 1 

a + | 13+ \ 

a + \ (3-1 
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5 The third Painleve equation 

5.1 Deriving the third Painleve equation 

In this section, we use only the independent variables t\, t\ and the dependent variables q, f. So 
from the mPLR equations (ll.7p we eliminate q, r, and obtain: 



d2 Q , , 

- 4? + 4qr- 



dt\dti ' dti 

d 2 f . — df 

4r — 4gr- 



(5.1) 



dtidti dti 

Furthermore, from the similarity conditions (|4.4[) , (|4.5p . we obtain 

dq _ ti <9g 2/3 _ 

+ __ 2(/3 -a) h dq df 

df_ _ U_ df_ _ 2/3 + 1 _ 9r ^ ^ dh dti' [ ' ' 

dti ti dt\ ii 

The system of equations (|5.1[) , (|5.2p is equivalent to the third Painleve equation. In fact, by dif- 
fcrcntiating the first couple of equations in (|5.2j) with respect to ti and eliminating 



and qr by (|5.1|l . (|5.2p . we have 



d 2 q 


4ti_ 


2a + 1 dq 


d4 




ti dti + 


d 2 f 




2a df dq 




=— r^ 


t\ dti dti 



dq\ 2 dr 



dti J Oh 
df\ 2 



dtidti ' dt\dt\ 



(5.3) 



Now we define variables y and z by 



h dq q dr 

q dh 2 dti 



(5.5) 



and put s := 2ti, after which the system of equations (|5.3p can be rewritten as 

s-p = 2y 2 z — y 2 — 2ay + 2st\, 
as 

dz 

s— = -2yz 2 + 2yz + 2az + /3 - a. 
as 

This is the Hamiltonian equation ^ = || , gf = — §| with the Hamiltonian 



ft, = - - 2ayz + 2st x z + (a - ff)y (5.6) 



and the variable y satisfies 

d 2 y = 1 Uy\ 2 ldy | y 2 | 2t 1 (2a + l) 4g 

c?s 2 y \ds J s ds s 2 s y 

When we put t\ — 1/2, we have Painleve III' (|1.2p with the parameters ci = 8/3, C2 = 4(2a + 1), 
C3 = 4, C4 = —4. We remark that if we express the Hamiltonian h (|5.6p in the variable of the 
mPLR hierarchy, we get 



h = 2tiq 2 r 2 + 2aqr + 2ti(gfe" 20 + qre 2 ^) 
lnce 

2 dh 



- W21 + ti = - — log T<y + 
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by the similarity condition (|4.7j) . 

The system of equations (|5.3|) is obtained by the compatibility condition of the linear equations 

9* d* 



C 



Si*. 



with the coefficient matrices 

A = -aH Q + txBx - i\B\ 



-t\ 2t\qe 
ii 



2<p 



—a + 2tiqr —2t\q 
-2t 1 fe- 2 ' 1 ' a - 2hqr 



h 

2hr -t x 



(5.8) 



and Si (|1.5p . see (|4. 1 1[) . We believe this is a new Lax formation of the third Painleve equation. 
Notice that the relations 

q 



y 



-2ii- 



qe 



20 ' 



qre 



2,1 • 



yz 



-2tiqr = 2t 1 qf + a - /3 



(5.9) 



hold. 



5.2 Bilinear equations 

The canonical coordinates of the third Painleve equation y and z are described in the tau function 
as follows: 

R r (1) r (0) r (0) r (1) r (1) 

, C , '0,-1 „. 'o.O'l.O '0,-1-1.0 

y = il ^ log 7Tr = - 2il 7Tyrr' * = - ■ ( 5 - 10 ) 

T o,o T o,o'o,-i \ T o,o) 

Proposition 4. The four t- functions ^oo j T l > T Q 0' a7l< ^ Tq 1 ^! ('see **ie diagram (|3.27[) ) in (I5.10p 

im*/i */ie similarity condition satisfy the following relations: 

hD tl r$ ■ = 2^$^ + (2a + l)r ( S>r$, (5.11) 

^ • 7$ = -2^$)^$ + 4(a + 1)^^ (5.12) 

+ (2a + l)(2 a + 2)r(° ) r 1 (0 ) , 

tiD t ^-4%=2hT$rgl (5.13) 

^tVS • 4% = -2Ht^)'4% + 2(2(3 + l)txT$Ti% (5.14) 

Proof. The equation (j5.13[) is nothing but p.30[) (apply 7i)- From the similarity condition (14.6[) 
we have 

t 1 ^-t l ^ = -{2a + l)q. (5.15) 
ail oti 

Translating this into the r- functions, we get (|5. 1 1|) . 

The equations (|5.12[) and (j5.14|) are obtained by differentiating the equation (|5.15|) with respect 
to *i, together with the equation 

2t lT ^r% + ^rgr^ = (a - ^rg, (5.16) 

which is obtained from the similarity condition for (14.81) . and 



n2 T (0) . (0) 
^1 T 0,0 T 0,0 


2 O 


8*i 


T (1) T (1) 4f 


\ T 0,0 1 








r,2 r (i) . T (i) 

^l'O.O '0,0 


2 O 


8*i 


rfSrS 4*i 


v 0,0 ) 


*1 r (1) 

r 0,0 


*i 


C) 2 'i ' 



(5.17) 



which is obtained from the similarity condition for W2 (14. 70 . □ 
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The bilinear form for the third Painleve equation (|5.7 



D 2 T (o) (0) /„ (o) (o)\' r)a (i) (i) {d,t {1) -t (1) 
u i t q,o r i,o / -^i'o.o T l,0 \ ^vo.o r 0,-l / ^l'o.O ~0,- l 

r (0) T (0) ~~ I (0) (0) I ~ T (!) T ( 1 ) I T (!) T ( 1 ) 

0,0 T 1,0 \ T 0,0 T 1,0 / T 0,0 T 0,-1 \ T 0,0 T 0,-1 

n T (0) (i) D (0) (1)\ 
^1 T 0,0 T 0,-l y l T l,0 r 0,0 \ 

T (0)J1) T (0)_(l) J 

'0,0 '0,-1 '1,0 '0,0 / 

T (0) T (0)\ 2 T (0)_(0) r (1 V (1) /t (1) t (1) ' 

r 0,0 T l,0 \ r 0,0 r l,0 ofo , ,17 T 0,0 T 0,-1 ,72 / r 0,0 r 0,-l 

l,0 r 0,-l/ r 0,0'0,-l r 0,0'l,0 \ T 0,0 r l,0 , 




can be derived from Proposition 2J 



(5.18) 



5.3 Affine Weyl group symmetry of P m / 

The action of the six basic transformations on the parameters a and j3 is given by (|4.12p . We now 
consider the action on the variables y and z (|5.4|) . (|5.9p . The similarity condition discussed above 
leads to the following assumption for the solutions of the mPLR equation: 



g(*i,*i) = (2h) 2f) Q(0, f(h,ii) = (2i 1 )- 2p - 1 R(0, 
where £ = 2*i*i. The functions Q(£) an d R(Q satisfy 



(5.19) 



d 2 Q Q 2a + ldQ 



dQ\ dR 

~dt) ~dj' 



d 2 R _R 2adR dQ f dR 
{~d~e~T + T~dti ~ ~dj\dj 



(5.20) 



Equations (15.201) are a rewriting of the equations (|5.3[) . Then the variables y and z can be expressed 



y(ti,ti) 



2titi dQ 
Q{2t 1 i 1 )~d% 



dR 

(2*i*i), z(*i,*i) = Q{2t 1 t 1 ) — {2t 1 t 1 ). 



(5.21) 



Hereafter we regard the variables y and z as a function of £ = 2*i*2. 
The actions of cr and tt are given by 



cr (?y) 
a(z) 



2£ 



y(a- (3 - yz) 
2€ 




2£» 



/3 — a + ' 
y(a- 0- yz) 



(5.22) 



2€ 



because of the definition and the relations 
7r: 

vrcr(y) = y + 



We note that the composition ira is simpler than 

f3 — a 



7ra(z) = z. 
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The other transformations act on y and z as follows: 



2a + 1 



2£ 



2/ 2 (-C)' 

2Cz(-e)(i- z (-o) 



/3 - a + 2az(-0 - y(-^)z(-^) - y(-£)z 2 (-£) ' 

i-*(-0, 

2e + y(-0(/8-a + y(-Qz(-Q) 
- a + y(-0*(-0 - (2/3 + 1) + g_ a+1) & M _ ' 
(2/?+l)z(-0 , V z(-0 



P-a + y(-Oz(-0 



2£ 



/3-a + y(-e>(-0 



These are shown by the relation (|5.9|) and the similarity conditions. For instance, 



-y(-0, 



2 9ti 



q 2 r 



by the similarity condition (|5.15|) . 

Here we give a correspondence between the birational transformations discussed in [115] and in 
this paper. In [19], the root systems {ao,«i} and {ft, ft} are expressed as 

(ao, ai) = (1 + a - ft -a + ft, (ft, ft) = (1 + a + ft -a - 0). 

So the action of the extended affine Weyl group on these root systems are realized as follows: 





a 


at\ 


ft 


ft 


s i i ' s o' s o s i 7rcr 


-ce 


a\ + 2ao 


ft 


ft 


7T(T 


ao + 2a\ 


-ai 


ft 


ft 




ao 




-ft 


ft + 2ft 


sfs\ira 


ao 


ai 


ft + 2ft 


-ft 




a\ 


a 


ft 


ft 


(7 


ao 


ai 


ft 


ft 


s l 


ft 


ft 


ao 


ai 


S L 


ft 


ft 




ao 



The action on the variable y and z are also given by calculating these compositions. 

6 The fourth and the second Painleve equations 

Finally, we discuss the relation between the mPLR hierarchy and the fourth and the second Painleve 
equations. 

6.1 Painleve IV 

As we have shown in 10 , if we use the variables t\ and *2, we can obtain the fourth Painleve 
equation. Here we give additional information about r-functions and Hamiltonian functions. In 
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this case, the similarity conditions for Wi (|4.6j) and go (|4.8j) are 

hq + 2t 2 - 2q 2 r' - 4q 3 r 2 ^j = -(2a + l)q, 
2t iq r + 2t 2 (q'r - qr' - 2q 2 r 2 ) = /3 - a. 
So, the bilinear equations of these relations are 

f (hD tl - t 2 Dl -2a- l)r ( |8 • = 0, 
1 (hD tl - t 2 D% +a- p)r$ ■ 7$ - 0. 

When we put t 2 — 1/2 and 

r (0) (1) / (l)y / (0)y 

T 1,0 T -1,0 \ T o,o) \ T o,o) 



(6.1) 



y = 2qr 



z = 2ti + — = 2* 



T (o)_(i) _(i) _(o) ' 

'0,0 '0,0 '0,0 '0,0 

( T (0)y / (0)y 



_(°) _(°) ' 

T 0,0 T 0,0 

we obtain 

U/ = y(2z-y-2t 1 ) + 2(a-P), 
\z' = z(2y -z + 2ti) - 4/3. 

This system of equations is a Hamiltonian system with polynomial Hamiltonian 

H = yz(z -y- 2t x ) + 2(/3 - a)z + Aj3y. 
By the similarity condition for W 2 (|4.7| . this Hamiltonian function is expressed by 

H = 4f x (a -0) - 8w 21 . 

6.2 Painleve II 

We believe this result is new. There are two steps to get the second Painleve equation. First, we 
consider the similarity condition with respect to t\ and £3. The i3-derivatives of q (not q) and <f> 
are 

J! = e -*+ Usi = - e - 2 * K 2q\> 4, 3 r 2 ) , 

^ 1 / // 1 // / / \ > 3 3 

7^ = «6i = r + 1 r -qr)-4qr. 

So, the similarity conditions for W\ (|4.6[) and for <? (|4.8I) arc 

ti H + 3i 3 j| = - e" 2 * (at ig + 3t 3 (y - 2«V - 4 g 3 r 2 ) ) = -2(3q, (6.2) 
+ 3*3^ =2*i<zr + 3t 3 (\(q"r + qr" - q'r') - 4<? 3 r 3 ) = p - a. (6.3) 
Hence, if we put t 3 = 1/3 and 







'O 




2q 


M 


T (o) 




2qf = 


1 

—qr 


- 2q 2 r 2 


T (o)_(o) 

r, T 1.0 T -1.0 

l T o,o ) 



(6.4) 
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then the equations (|6.2|) and (|6.3|) can be rewritten as 

P 2 4>Q 

y' = 2y 2 + 2z + 2t x - 2/3 y 



3 (6.5) 
z = -Ayz + 2a + 2/3 (2e 2 V - l) . 



Secondly, if we put /3 = and s = 2t\, we have 

dy 



ds =y+Z+ 2> 
dz 

— = — 2yz + a. 
ds 



(6.6) 



This is a Hamiltonian form of the second Painleve euqation with Hamiltonian 

z 2 t 
H = — +yz+-z- ay. 

We remark that the equation (|6.2j) can be described as 

(2t 1 + lt 3 Diy^.r^=2^l 1 , (6.7) 
and the similarity condition for q: 



tl^ + 3i 3 J| = hq' + 3t 3 (<L Zqq'r* 6q 2 r 2 q> ) = - (2n + 1 )«/ 



txAx + 1*3^ - 2a - 1 ) r ( |g • rfj = 0. 



is expressed as 



The system of equations (|6.7|) . f|6.8f) with /3 = is a bilinear form of the second Painleve equation. 

Acknowledgments 

The author would like to thank Professors S. Kakei, K. Takasaki, T. Tsuda, and R. Willox for 
their several helpful comments. This work was partially supported by the Global COE Program 
of University of Tokyo: The research and training center for new development in mathematics. 

References 

[1] Bergvelt, M. J. and ten Kroode, A. P. E.: r functions and zero curvature equations of Toda- 
AKNS type, J. Math. Phys. 29 (1988), 1308-1320. 

[2] Drinfel'd, V. G. and Sokolov, V. V.: Lie algebras and equations of Korteweg-de Vries type, 
J. Sov. Math. 30 (1985), 1975-2036. 

[3] Fuji, K. and Suzuki, T.: Higher order Painleve system of type D^ +2 arising from integrable 
hierarchy, Int. Math. Res. Not. IMRN 2008, no. 1, Art. ID mm 129, 21 pp. 

[4] Flaschka, H. and Newell, A. C: Monodromy and spectrum preserving deformations. I, 
Comm. Math. Phys. 76 (1980), 65-116. 

[5] de Groot, M. F., Hollowood, T. J. and Miramontes, J. L.: Generalized Drinfel'd-Sokolov hier- 
archies, Commun. Math. Phys. 145 (1992), 57-84. 



22 



[6] Hollowood, T. J., Miramontes, J. L.: Tau-functions and generalized integrable hierarchies, 
Commun. Math. Phys. 157 (1993), 99-117. 

[7] Jimbo, M. and Miwa, T.: Monodromy preserving deformation of linear ordinary differential 
equations with rational coefficients. II, Physica D 2 (1981), 407-448. 

[8] Jimbo, M., Miwa, T.: Monodromy preserving deformation of linear ordinary differential equa- 
tions with rational coefficients. Ill, Physica D 4 (1981), 26-46. 

[9] Joshi, N.; Kitaev, A. V.; Treharne, P. A.: On the linearization of the Painleve III- VI equations 
and reductions of the three-wave resonant system, J. Math. Phys. 48 (2007), no. 10, 103512, 
42 pp. 

[10] Kakei, S. and Kikuchi, T.: Affine Lie group approach to a derivative nonlinear Schrodinger 
equation and its similarity reduction, Internat. Math. Res. Not. 78 (2004), 4181-4209. 

[11] Kakei, S. and Kikuchi, T.: Solutions of a derivative nonlinear Schrodinger hierarchy and its 
similarity reduction, Glasgow Math. J. 47, Issue A (2005), 99-107. 

[12] Lund, F. and Regge, T: Unified approach to strings and vortices with soliton solutions, Phys. 
Rev. D. 14 (1976), 1524-1535. 

[13] Masuda, T.: The anti-self-dual Yang-Mills equation and the Painleve III equation, J. Phys. 
A: Math. Theor. 40 (2007) 14433-14445. 

[14] Noumi, M.: Painleve equations through symmetry, Translations of Mathematical Monographs, 
223. American Mathematical Society. 

[15] Noumi, M. and Yamada, Y.: Higher order Painleve equations of type Aj , Funkcial. Ekvac. 
41 (1998), 483-503. 

[16] Okamoto, K.: Studies on the Painleve equations IV, Third Painleve equation Pm, Funkcialaj 
Ekvacioj, 30 (1987), 305-332. 

[17] Pohlmeyer, K.: Integrable hamiltonian systems and interactions through quadratic con- 
straints, Comm. math. Phys. 46 (1976), 207-221. 

[18] Tsuda, T.: From KP/UC hierarchies to Painleve equations , preprint arXiv: 1004. 1347 [nlin.SI] 

[19] Tsuda, T. Okamoto, K. and , Sakai, FL: Folding transfomations of the Painleve equations, 
Math. Ann. 331 (2005), 713-738. 

[20] Ueno, K. and Takasaki, K.: Toda lattice hierarchy, Adv. Stud, in Pure Math. 4 (1984), 1-95. 

[21] Willox, R. and Hietarinta, J.: Painleve equations from Darboux chains: I. Pin-Py, J. Phys. 
A: Math. Gen. 36 (2003), 10615-10635. 

[22] Wilson, G.: The r- functions of the gAKNS equations, In: O. Babelon, P. Cartier 
and Y. Kosmann-Schwarzbach (eds), Verdier Memorial Conference on Integrable Systems, 
Birkhauser, 1993, 131-145. 



23 



